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Abstract. Given a unitary representation J7 of a compact group G and a transitive G-space 
fi, we characterize the extremal elements of the convex set of all J7-covariant positive operator 
valued measures. 



1. Introduction 

In the modem theory of quantum mechanics, observables are represented as normahzed 
positive operator valued measures (POVMs). The set of all POVMs having the same outcome 
space has natural convex structure. A convex mixture of two POVMs corresponds to a random 
choice between two measurement apparatuses. An extremal POVM thus describes an observable 
which is unaffected by this kind of randomness. 

In many applications one is interested in observables having some symmetry property. This 
is conventionally formulated as a covariance requirement with respect to a symmetry group. 
The covariance can arise from the symmetry of a particular problem [1] or the covariance can 
also be the defining property of some class of observables [2]. In this kind of situations the 
relevant set of observables is therefore the set of all covariant observables. 

The determination of extremal covariant POVMs has long been a problem [3] . In the case of 
a compact symmetry group G the following results have been obtained earlier: When G = T 
acts on itself and the representation of G has no multiplicities, the characterization of extremal 
covariant operator valued measures follows from [H Theorem 1] if the representation space is 
finite-dimensional; in the infinite-dimensional case, the characterization is given in [5l Theo- 
rem 1]. If a compact group G has a finite-dimensional representation, the determination of 
extremals is solved in ^ Theorem 2] in the case of G acting on itself and in [2, Theorem 3] in 
the case of a transitive G-space. In this work we give a complete characterization of extremal 
covariant POVMs in the case of a compact group G and an arbitrary representation (Theorem [2] 
and Corollary SD . 

Our analysis of this problem proceeds in the following way. In Section [2] we fix the notations 
and recall some concepts which are essential for our investigation. In Section [3] we give two 
characterizations of the structure of covariant POVMs. We remark that the characterization by 
means of families of sesquilinear forms (Section 13.31) was already estabilished by Holevo in [8]. 
Finally, Section H] contains the main results which characterizes the extremal covariant POVMs. 
These are obtained by setting up a correspondence between the set of covariant POVMs and 
a family of reproducing kernel Hilbert spaces (RKHSs) of vector valued functions. In this 
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way, a POVM is extremal if and only if its associated RKHS satisfies a particular property 
(Corollary H]). In the finite dimensional case, such property is the algebraic condition found in 
and [7] . We also show that a specific class of kernels, so-called rank 1 kernels, are always 
extremal. 

2. Basic definitions 

For any complex Banach space X, we denote by ||-|| its norm and by X* its topological dual 
space. If 3^ is another Banach space, we let C{X; y) be the Banach space of bounded linear 
operators from X to 3^, endowed with the uniform norm. If X = y, we use the abbreviated 
notation C{X) = C{X,X), and we denote by O and / the zero element and the identity of 
C{X), respectively. If A e C{X; y), we write A' e C{y*; X*) for its adjoint. 

If X = H is a. Hilbert space, we always assume that it is separable. We denote by ( ■ | ■ ) the 
scalar product of Ti, and we take it linear in the second entry. When more than one space are 
involved and some confusion could arise, we add an index to norms and scalar products referring 
to the space under consideration. If K. is another Hilbert space and A G C(H;)C), we denote 
by A* G C{)C;H) the Hilbert space adjoint of A. For two selfadjoint operators A,B E C(TC), 
the relation A < B means that ( \ Aip ) < Bip ) for all E Ti. We denote by T{T-C) 
the Banach space of trace class operators on 7i with the trace class norm IHI^j.- An operator 
T G T{l-C) is a state if T is positive and tr (T) = 1. 

Definition 1. Let be a topological space and B{VL) the Borel a-algebra on VL. A mapping 
E : B{Vt) is a normalized positive operator valued measure (POVM) on Q if 

(1) O < E(X) < / for any X G B{ny, 

(2) E{Q) = /; 

(3) E(UjXj) = J2i E(^j), the sum converging in the weak operator topology, for any se- 
quence (Xj) of disjoint Borel sets. 

We remark that, by Ref. jSj, p. 318, the sum in item (3) converges in the weak operator 
topology if and only if it converges in the strong operator topology. 

We shortly recall the physical interpretation of a POVM as an observable. Loosely speaking, 
an observable is something which attaches a measurement outcome probability distribution to 
every state. If E is a POVM and T a state, then the formula 

p|(X) =tr(TE(X)), XeB{n), 

defines a probability measure p^ on Q. Hence, E determines a mapping T ^ p^ from the set of 
states into the set of probability measures. This mapping is affine, i.e., it maps convex combi- 
nations of states to convex combinations of corresponding probability measures. Moreover, all 
affine mappings from the set of states into the set of probability measures can be represented 
as POVMs and this correspondence is one-to-one. 

A special case of a POVM is a normalized projection valued measure (PVM). We recall that 
a POVM E is a PVM exactly when E(X QY) = E(X)E(F) for all X, y G B{Vl). PVMs are 
often referred as sharp observables. 
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In the following, G is a fixed compact topological group, which is Hausdorff and satisfies the 
second axiom of countability. We also fix a closed subgroup H of G and, in the rest of this 
investigation, Q is the quotient space G/H. The sets H and fl are compact, Hausdorff and 
second countable topological spaces in a natural way. We denote by q the canonical projection 
from G onto Q, and we also write g = q{g)- The normalized Haar measures of G and H are 
denoted by hg and respectively. The normalized G- invariant measure on Vt is denoted by 
/in- The following relation (see e.g. [10]) will be used later: 

/ /(^7)d/iG(^7)= / / f{gh)diiH{h)diin{g) (1) 
JG Jn J H 

for all / e V'{G,fiG). 

Definition 2. Let U he a. (strongly continuous) unitary representation of G in a Hilbert space 
Ti. A POVM E : B{VL) jC{T-C) is covariant with respect to U (or U-covariant, for short) if 

U{g)E{X)U{gr = E{gX) (2) 

for all ^ G G and X e B{n). 

As an example of [/-covariant POVMs we recall the following result of Davies [H], Section 
4.5]. Assume that the dimension of the Hilbert space Ti. is finite. Then the non normalized (i.e. 
not necessarily satisfying E(f2) = /) [/-covariant POVMs are in one-to-one correspondence with 
the positive operators G G CiH) such that CU{h) = U{h)C for all h & H. The correspondence 
is given by the formula 

E(X) = / U{g)CU{gr d^^dg). (3) 

Jq-HX) 

The normalization condition now reads 

/ U{g)CU{gy dficig) = I- (4) 

JG 

If dim?i = oo, the formula ([3]) still defines a [/-covariant POVM. However, this is not an 
exhaustive characterization anymore. 

3. Structure of covariant POVMs 

3.1. Preliminaries and notations. We denote by G the unitary dual of G, i.e. the (de- 
numerable) set of (equivalence classes of) irreducible unitary representations of G. For each 
TT G G, we let be the representation space of vr and set d.„ = dimTi^ < oo. 

Let [/ be a unitary representation of G acting in the Hilbert space Ti. Then there exists a 
sequence of Hilbert spaces {ICt^)^^q such that 

n = ©^gG^^ O /C^ and U = ®^^^7r ® J/c, . 

The dimension of /C,r is the multiplicity of vr in [/, which is uniquely determined. 

For convenience, if A.„ G C(Hn ® /Cvr), we denote by A^, also the bounded operator on H that 
is on (Htt ® /Ctt)"*" and equals on ® /C^. 
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Fix TT G G. Since dimTi^ < oo, we have the identifications 71-^ ® 7i* = C{T-Cn) = T(7i^), and 
the trace tr-^^ : ® 7i* ^ C is bounded. Let /C be a Hilbert space. The mapping 

is thus bounded. We denote ctr-^^^ := E* : (Bp Hp ® ?i* ® /C — > /C, so ctr^^^ is the contraction 
with respect to Hn- Clearly, 

ctr^^ (0p) = 6pj,{tTnp ® Iic)4>p ^(t>p eHp®H*p® IC. 

We define also bounded linear maps 

: T(/C^) Tin), Sj,T^ = I-H^ (g) T^, 

and Tr^^ = S'^ : £(7^) ^ C{IC^). Exphcitly, if Ap G CiHp) and 5p G /:(/Cp), then 

Tin^ {Ap Bp) = 5p^{tin,Ap)Bp. 

3.2. First characterization. 

Theorem 1. Fix an infinite dimensional Hilbert space JC. Let E : B{Q) ^{'H) be a U- 
covariant POVM. Then there exists a family of isometries \4 : /C^r — ^ '^*t, ® ^ labeled by n E G 
such that 

{ Wp I E{X)v^ ) = ^d^dp / ( ctr^, {{pigy^ ® Vp)wp) \ ctin^ ((7r(^)"^ ® V^)v^) ) dficig) 

Jg-HX) 

(5) 

for all X G B{Q) and for all G ® /C^r; Wp G Hp ® JCp- 

Conversely, z/K- : /C^r — > 7i* (8>/C a family of isometries labeled by n E G, then equation ^ 
defines a U-covariant POVM on VL. 

Before proving Theorem [H we recall some notions from the theory of induced representations. 
Let A be the left regular representation of G in L'^{G,fiG), and P : B{Q) — > C{L'^{G, fic)) be 
the following A-covariant PVM: 

[P{X)f]{g) = Xg-HX){9)f{9), f e L'{G,f,G). 

(Here Xq-'^{x) is the characteristic function of the set q~^{X) in G). If a is a unitary repre- 
sentation of H acting in the Hilbert space JCq, the representation of G induced by a is the left 
regular representation A ® Ijcq of G in L'^{G, hg) ®1Cq = L'^{G, fiG] ^o) restricted to the closed 
invariant subspace 

= {f e L\G,fiG; /Co) \yheH, f{gh) = a{h)-^f{g) for almost any g e G} . 

We denote by A*^ such restriction. Clearly T-C^ is invariant for the PVM P ® IjCo^ and the 
restriction P°" of P ® I/Cq to is the canonical PVM induced by a. It is easy to see that P'^ is 
A'^-covariant. 
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Proof of TheoremUi Let E be a [/-covariant POVM on Q. By the imprimitivity theorems of 
Mackey [12] and Cattaneo [13] , there exists a unitary representation a of the subgroup H acting 
in a Hilbert space Kq, and an isometry W : Ti ^ l-T intertwining U with A*^ such that 

E(X) = W*P''{X)W VX G BiSl). 

Let 2 : /Co — ^ ^ be an injection of Hilbert spaces {i exists since dim/C = oo is assumed). 

Composing W with the injections Ti" ^ (G, /ic) (S> /Co and (G, yUc) L'^ (G, /ig) ® /C, 

we find an isometry W : H ^ L'^{G, fic', /C) intertwining U with X® I/c such that 

E(X) = H^*(P(X) ® /,c)W^ VX G (6) 

Conversely, if W : H L'^{G, fie] JC) intertwines U with A (S) J/c, then equation defines a 
?7-covariant POVM E on Q. The problem of characterising all [/-covariant POVMs on Q is 
thus seen to be equivalent to the problem of finding all intertwining isometrics between U and 

By Fourier-Plancherel theory, there is a unitary isomorphism 

intertwining the representation (B^^qTI'^I-h'^^k. with \®Ijc, whose action on 0^ G Ti-^^'H^^IC 
is 

(JF* is the inverse Fourier-Plancherel cotransform of L'^{G, hg) tensored with the identity of /C). 
For each vr G G, let : /C^ — > 7i* ® /C be an isometry. Then V = (Bnln^ (g) \4 is an isometry 
from TC into (Bn'Hn ® ® /C which intertwines the representations U and ©jrVr ® /-^j ® //c- 
Moreover, every isometry intertwining U and ©^vr © Jt.^. © has this form for some choice of 
the isometrics 

Fixed the sequence of isometrics {Vt^}^^q, the corresponding intertwining isometry W : Ti. ^ 
L'^{G, fiG] /C) is thus 

Wv^ = TVv^ = ^ctin^ ((7r( ■ © V^)v^) 

for G Htt © /Ctt- 

If G Hn © /Ctt aud G T^p © /Cp, cquatlou then gives 

(tiipl E(XK) = (Ww, {P{X)^I^)Wv^ 



= Vdndp / ( ctr^p {(pig) ^ © Vp)wp) I ctr>^^ ((7r(^) ^ © V^)v^) ) d/iG(^) 

as claimed. □ 

To illustrate the content of Theorem [1], we take a closer look on two special cases. We note 
that in these cases of an abelian group, the characterization of covariant POVMs is also given 
in [H]. 
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Example 1. Suppose that G is a compact abelian group. Then also is a compact abelian 
group in the natural way. For each vr G G, the representation space Tij^ is one dimensional and 
G is a discrete abelian group, i.e. the character group of G. We denote by H-^ the annihilator 
of the subgroup H , that is, 



= 1^7^ eG\ n{h) = iyheH^ 



The annihilator is a subgroup of G and it can be identified with the character group Cl, the 
identification being ■n{q{g)) := ni^g) for all (7 G G and tt G H-^. Finally, let JFq be the Fourier 
transform of f2, i.e. for / G L^{Q,fiQ), 



(J'nf) (vr) = / fiuj)n{LU-') Vtt G H^. 

Jn 

We have the identifications TY^^/Ctt = A^tt and Ti^CSTi* (8)/C = /C. With the last identification 
we have ctr->^^ = 

By Theorem [H, if E is a f/-covariant POVM on Q, there exists a family of isometries Kr : 
JCt, ^ )C labeled by vr G G, such that 

{wp\ E{X)v^) = / (g) {VpWpl V^w^) dficig) 

Jq-HX) 

by eq. I^ii = {VpWp\ V^v^) / [n'^p] {gh) dfinih) dfin{g) 



IX J H 

{ VpWp I V^Vn ) 6pH± (ttH^) / (tt" V) (g) dfinig) 

Jx 

{ VpWp I V^v^ ) 5pH^{.T^H^) (J^nXx) (p^^^r) 



for Vt, G ICj,, Wp G JCp. (In the above equation, 6pH^{'^H^) = 1 if p and vr are in the same 
if^-coset, and is otherwise; note that p~^tt is in exactly when 6pu±{TTH-^) = 1). 

Example 2. Consider the situation of Example [1] in the case when there is a set S C G such 
that dim/C^r = 1 for all vr G S and dim/C^r = otherwise. For each vr G S, choose a unit vector 
G /Ctt- Since is an isometry, there is a unit vector G /C such that VJ^ = \'^'w){^Tr\, and 
we have 

( ep I E(X)e^ ) = ( I ) 5pH± {t^H^) (J^nXx) (p^^tt) . 
In particular, if if = {e} the last equation is 

( ep I E(X)e^ ) = {vp \ v^) (J^nXx) (p^^^r) . 

3.3. Second characterization. We proceed to give an alternative characterization of covari- 
ant POVMs. Suppose E and are as in TheoremdJ Let V = (Btt^h^ ®Kr- For vr,p G G, 

we introduce the following sesquilinear form 11 [p, vr] on Ti: 



n[p,vr] {w,v) = ,/dJ~p / (ctr^^ {VU{h)w) \ ctr^, {VU{h)v)) dpnih). 
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Clearly, for all v.,, G TY^r ® IC,,, Wp E Hp ® JCp, 

n[p, tt] {wp, v^) = ^Jd^dp / ( ctrT^^ ® V^Wp) \ ctx-n^ ((7r(/i) ® V^)v^) ) dfinih). 

Jh 

If Va G Ha ® /Co-, Wa' G T^cr' /Cg-' , and a 7^ TT or a' 7^ p, then n[p, 7r](wo-', t>o-) = 0. 
Equation ([5]) can be rewritten as 

{wp\ E{X)v^) = ^/d^p I dfinig) {ctiUp {{p{h'^)p{g'^) ® Vp)wp)\ 

J X Jh 

{{Ti{h-^)Ti{g-^) ® V^)v^)) dfinih) 
= ^/d^p dfinig) {ctTT^^{{p{h-^)(^Vp){p{g-^)®I,c,)wp)\ 

J X JH 



U[p,7r] {U{g)-'wp,U{g)-'v^) dfin{g), 



X 

where we have used the measure decomposition ([1]) and invariance of fin- 
The above defined sesquilinear form 11 [p, vr] has the following properties: 

(i) n[p, tt] is a bounded sesquilinear form on H. 

(ii) By invariance of p^, we have 

n[p, vr] {U{h)w, U{h)v) = n[p, tt] {w, v) e H 
for all v,w eH. 

(iii) If {v'^}t,^g ^ sequence of vectors in H such that v'^ ^ only for a finite number of 
vr's, then 

V n[p,7r]K,t;-)>0. 

(iv) For Vp,Wp e Hp ® ICp 

n[vr,7r] {U{g)wp,U{g)vp) dficig) 



6^p / n[p,p] {U{gr'wp,U{g)-\) dfin{g) 



= 6^p { Wp I E{Q)vp ) 

= 5^p{wp\ Vp) . (7) 

Remark 1. If {II[7r, p]}^ ^^g, is a family of sesquilinear forms on H satisfyng conditions (i), 
(iii) and (iv) above, then 

n[p, ■K]{Wa',Va) =0 if f o- G Ha ® ]Ca, Wa' ^ Ha' ® /Co-', aud G ^ TX OX o' ^ p. (8) 

In fact, by (iii) and Cauchy-Schwarz inequality 

\Jl\p,Tl\{Wa',Va)\ < Il[p, p]{Wa' , Wa'Y^'^Il[Tr , ■K]{Va, VaY^"^ ■ 
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If a 7^ TT then, by eq. ((Tj), 



G 



which imphes n[7r, 7r](fo-, fo-) = since n[7r,7r] is positive semidefinite and the integrand is a 
continuous function. A similar discussion holds for the other factor. 

Proposition 1. Suppose {n[p, Tr]}^^^,^ is a set of sesquilinear forms on Ti satisfyng conditions 
fi)-(iv) above. Then there is a U-covariant POVM E onVt such that 



E{X)v^)= [ U[p,n] {U{g)-'wp,U{g)-'v^) dfmig) (9) 
Jx 



for Vt, eHtt® ^-k, WpEHp® KLp. 

Conversely, ifEisaU -covariant POVM on VL, then there exist sesquilinear forms {n[p, tt]}^ 
on H satisfyng conditions (i)-(iv) and such that eq. ^ holds. The family of sesquilinear forms 
{n[p, 7r]}^ is uniquely determined by E. 

Proof. For uniqueness, we see from eq. ([9]) that mwp,v^{g) ■= Il[p,n] {U{g)wp,U{g)vn) is the 
density of the complex measure X i— > {wp \ E(X)t>^ ) with respect to pn. Since rnwp,v.„ is a 
continuous function and the support of p^ is the whole Q, m^^^^^ is unique. Hence, n[p, 7r](-, ■) = 
m. .(e) is unique. 

It remains to check that, given {n[7r, p]}^ as above, eq. ^ defines a POVM E. Let 

7^0 = span I^Vt, \ G Ti-,, ® JC^,, vr G g|. For X G B{Vt)^ we introduce in Ho the sesquilinear 
form 

(^1 v)^:=Y, I Tl[p,Ti]{U{g)-^w,U{g)-\)dpn{g). 

(By eq. ([8]), the sum involves only a finite number of 7r,p G G). By (iii), ( ■ | ■ )jf is positive 

semidefinite. If is a sequence of disjoint sets, then {w\ v)^^-^^ = J^ii'^l 

sum converging absolutely. Finally, for v = X^Trej"^-^' with G Hjr ® /Ctt and J C G finite. 



{v\ v) 



= J2 f nP,^]iUig)-\,U{g)-'v^)dpG{g) 
by Schur lemma = 2, / ^[^^ i'^]{U{g)^^VT,,U{g)^^VT,) dpGig) 

by (iv) = Vtt) 



tGJ 
I Il2 



i.e. ( ■ I ■ )q = ( ■ I ■ ) on Hq. Since {v\ v)-^<{v\ v)^, {■ \ ■ )^ extends to a bounded sesquilin- 
ear form on H. Thus, ( ■ | ■)x = { E(-^)- | ■ ) for some E(X) G C(H). Positivity, cr-additivity 
and normalisation of E follow from the similar properties of the family of sesquilinear forms 
{(■ I ■ )x}xei3{n)- □ 
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From Theorem [1] and Proposition [1] we obtain the following. 

Corollary 1. // \4 : /C^r ® IC (n E G) is a family of isometries, and V = (BttIh^ ® 

then 



n[p, vr] {w, v) = / ( ctin, iVU{h)w) \ ctr^^ {VU{h)v) ) dfinih) 

Jh 

defines a family of sesquilinear forms {n[p, vr]}^ ^^^^ on H satisfyng conditions (i)-(iv), and 
every such family arises in this manner for some choice of the isometries {V^j^^^. 

Remark 2. The characterisation of the most general [/-covariant POVM given in Proposition [1] 
is already contained in [8J. However, it can happen that the sesquilinear forms n[p, vr] are not 
bounded uniformly in p, vr G G, thus contradicting a part of the statement in Theorem 1 of [8] 
as shown in the following example. 

Suppose G = SU(2), so that {dTr}^^Q = Z+ is an unbounded set. Let H = {1}, and fix U 
such that /Ctt = ?i* for all n E G, so that H = Q-^Ht, ® ?^*. Choose a vector k E JC with 
||fc|| = 1, and for all vr let K- : 7i* 7i* /C be the following isometry 

v^h: = h:®k v/i;gk- 

Let Vt, = dn^^'^I'H^ G Hj, ® Then ||f7r||7^ = 1, and ctr^^^ {{^H^ ® K-)^^7r) = dl^'^k. It follows 
that 

n[p, vr] {vp, v^) = a/ d^dp { cti-H^ {{1-^^ O Vp)vp) \ ctr^^ {{In^ (g) V^)v^) ) = d^dp, 

thus showing that 11 is not bounded uniformly in p, vr G G. Moreover, if, following the notations 
of [8], we introduce the linear subspace 



= < ^ f I f ^ G Hj, (8> /Ctt, ^ II^Trir < cxD for p 

IttGJ TreJ 



1,2^ CH, 



it is easy to check that, for such 11, also the corresponding sesquilinear form 11 : Ti^ x — > C 
is not defined. 

We define K{p, n) : H ^ Hhy the relation 

{w\ K{p,tt)v) = Il[p,n]{w,v) \/w,veT-C. 

The family of sesquilinear forms {n[p, Tr]}^^^^^} is thus in one-to-one correspondence with the 
family of operators {K{p, ti')}^^^^} on H with the following properties: 

(i') K{p, vr) are bounded operators on Ti. 
(ii') For all /i G if 

Kip,n)Uih)=Uih)Kip,7T). 

(iii') K : G X G ^ '^{'H) is a kernel of positive type, i.e., if {v'^}j^^g ^ sequence of vectors 
in Ti. such that v'^ only for a finite number of vr's, then 

y {vP\ K{p,ttX) > 0. 
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(iV) 

TTn,iK{7c,n)) = 6,^dpI,c,- (10) 

In fact, byeq. ([8]), (ker ^(Tr, tt))^ = rani^(7r,7r) C T-^^^/Cr- In particular, Tr^^^ {K{7i,n)) = 
if vr 7^ p. By Schur lemma 

/ Uig)-'Ki7r,n)Uig)dfiGig) = In.®A, 

JG 

with A e C{K,^). If G r(/C^), then 

tr(Arj = d-hi{{In^®A){In^®T^)) 

= d-' [ tr((7r((7)-i®/^Jir(7r,7r)(7r((7)®/^J(/H.®T^))d/iG(^7) 
Jg 

cydicity of tr = d;Hr (ir(7r, 7r)(/^, ® TJ) = C'tr (Tr^. iK{n, 7r))T^), 
i.e. y4 = d^^Tij^^ {K{n,7i)). Equation (ITUl) then follows from ([7]). 

We denote by C the convex set of maps K : G x G ^ ^^0^) satisfying conditions (i')-(iv'). 
The following simple remarks will be useful later. 

Remark 3. By eq. ^/liK e C, then {kei K{p, vr))^ ^ JC^ and ranir(p, n) CHp^ Kp. 
Remark 4. By Corollary [H the kernels K are the functions K : G x G ^ '^{'H) given by 

( w I K{p, 7i)v ) = ^/djTp [ { ctin, {VU{h)w) I ctr^^ {VU{h)v) ) d^inih) 

JH 

for V = (Bn^H-n ® K- with : /C^ ^ 7Y* ® /C isometrics. In particular 

||K(p,7r)|| < ^Jd^dp ||ctr7^J| ||ctr^^|| = d^dp. (11) 

Proposition [1] can be restated in the following form. 

Corollary 2. There is a convex isomorphism between C and the set of U-covariant POVMs on 
Q. If K E C, the corresponding POVM E is given by 

{wp\ E{X)v^)= [ {U{gywp\ K{p,n)U{gyv^) dpnig) 
Jx 

for all Vt, E Hn ® /Ctt, Wp EHp® JCp. 

4. Extremal covariant POVMs 

4.1. Topology on POVMs. The convex set of POVMs E : B{n) C{n) has a natural com- 
pact topology, under which [/-covariant POVMs form a closed convex subset. Krein-Millman 
theorem then asserts that every [/-covariant POVM can be approximated by a convex sum of 
extremal fZ-covariant POVMs. Moreover, if the convex set C introduced in the last section is 
endowed with the topology of pointwise ultraweak convergence, the isomorphism estabilished 
in Corollary [2] actually becomes a homeomorphism. 



EXTREMAL COVARIANT POSITIVE OPERATOR VALUED MEASURES 



11 



The rest of this section is devoted to the definition and properties of the topologies on 
covariant POVMs and on C. In the next section, we will characterize the extreme points of the 
set of ?7-covariant POVMs. 

Let M{Q) be the partially ordered Banach space of the complex Borel measures on Q with the 
norm of the total variation. We will consider an element n G M{Q) both as a map from B{Q) 
to C and as a bounded linear functional on the Banach space C{fl) (the space of continuous 
functions f : Q ^ C with the norm ||/|| = maxxen 

Let us denote by C(T(TC); M{Q)) the Banach space of the bounded linear maps from T(?i) 
into M{Q). The space C{T{T-C); M{Q)) has a natural ordering arising from the definition that 
a map M : T(n) M{n) is positive if M{T) > for all T > 0. 

Definition 3. An operator valued measure (OVM) based on Q is any element Ai G C{T{l-i)\ M{VL)). 
We use the abbreviated notation M^Q^H) := C{T{n); M{Q)). 

A normalized positive operator valued measure (POVM) based on Q is any positive element 
S G M{n;n) such that S[T]{Q) = tr (T) (equivalently, S[T]{1) = tr (T)) for all T G T{n). We 
denote by P{Q; H) the set of POVMs on Q. 

AU-covariantPOVMis an elements G P{Q;n) such that S[U{g)TU{g)-^]{X) = S[T]{g-^X) 
for all X G B{n) (equivalently, £[U{g)TU{g)-^]{f) = £[T]{P) for all / G C(fi), where 
f^{x) = f{gx)) and for all T G T(Ti.), g E G. We denote by Pui^'jTi.) the set of fZ-covariant 
POVMs on Q. 

The above definition of POVM agrees with Definition [T] in the following sense. If A4 is an 
OVM, for all X G B{n) it defines an element M(X) G OH) such that tr (TM(X)) = M[T]{X) 
VT G T{n). POVMs in the sense of Definition [3] are then all the OVMs M such that M : 
B{fl) — > C{T-[) is a POVM in the sense of Definition [H Moreover, Ai is f/-covariant if and only 
if M is L'^-covariant. 

In M(f2; Ti.) we define the following family of seminorms labeled by / G C{Q), T G T{l-C) 

\\M\\^,f = \M[T]U)\. 

Let Mu;(f); Ti,) be the set M(f2; Ti) endowed with the locally convex topology generated by these 
seminorms. It is easy to see that P(fi; TL) and P[/(fi; Ti) are closed convex subsets of MyjiVt] H). 
Moreover, P{Q; Ti) is norm bounded. In fact, let £^ be a POVM, and, for T G T(H), decompose 
T = Til - Ti2 + i{T2i - T22), with Tjk > and ||T!,-i||^j. + \\Tj2\\^j. < \\T\\^^. We have 

j,k j,k j,k 

thus showing < 2, as claimed. 

The following fact has a routine proof, which we omit (see, for instance, the proof of Theo- 
rem 2.5.2 in [15]). 

Proposition 2. The unit ball in Myu(Q;T-C) is compact. 

By Krein-Millman theorem we then have the following corollary. 
Corollary 3. Pu{Q;T-C) is the closed convex hull of its extreme points. 
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Let B be the linear space of functions F : G x G ^ ^0^) endowed with the topology of 
pointwise ultraweak convergence. In other words, B has the topology generated by the family 
of seminorms 

||F||^^^^^ = |tr(TF(p,7r))|, TeT{n), p,neG. 
It is easy to check that the convex subset C C is closed. 

Lemma 1. Suppose %{T-C) C T(H) is a dense subset. Then, a net {Kx)x(^\ converges to K in 
C if and only if \\Kx — K\\rj,^.^^ for all p,TT ^ G and Tq G Tq{T-C). 

Proof. This follows easily by the inequality 

Ili^A - i^llr;p,. < \\T- Toll ||i^A(p, vr)|| + \\Kx- i^||^„^,,, + ||T - To|| \\Kip, 
< 2dpd^\\T -To\\ + \\Kx- K\\^^^.^^^ 
for all T G TiTi), Tq G %(T-C), where we have used inequality (fTTi) derived in Remark HI □ 

We denote by j : Pu{^', Ti.) ^ C the convex set isomorphism established by Corollary [2l 
Proposition 3. The map j is a homeomorphism. 

Proof. Since Pu{^', Ti.) is compact, it is enough to check that j is continuous. Let (£^a)aga be a 
net converging to £ in Pu{Q;H), and let K\ = i{£\), K = ]{£)■ Fix v,w eH, and let Vn,Wp 
be the components of v,w in TCtt ® /Ctt and Hp ® /Cp, respectively. Let / G G{Q). Define the 
trace class operator T = f{.9)\U{g)^^v )( U{g)^^w\ dfifi{g). We then have 



I^a-^IIt 

I Hi ;p,7r 



n 



fig) { U{g)-^w I [Kx{p, vr) - K{p, -nWigy^v ) dpnio) 



1^^ ^\\\v^){wp\-J 



Choosing as / a Dirac sequence in C(r2), we have T — > |v)(w| in T{T-l), and, since the linear 
span of rank one operators is dense in T(7i), K\ K hy Lemma [TJ □ 

4.2. Characterization of extreme points. As we have seen, the map j : Pu{Q;T-C) C 
estabilished in Corollary [2] is an isomorphism of convex compact topological spaces. In this 
section, we determine the extreme points of Pu{Q;T-C) by characterising the extreme points of 
C. 

Let J-'{G] Ti) be the space of functions f : G —>■ Ti. For a fixed K G C, we define the following 
linear subspace of J-'{G; H) 

:= span ^K{-,ti)v \ ti eG,v eTL^ . 

We set 

{K{-,p)w I K{-,-n)v)j^ = {w I K{p,n)v) , 
and then ( ■ , extends to a scalar product on H'}^. We denote by Hk the completion of 
with respect to ( ■ , ■ )^. It can be shown that Hk is still a subspace of J^{G; H) and that the 
evaluation maps 

ev^ -.Hk-^'H, ev^f = /(vr) 
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are continuous for all tt G G. Moreover, a straightforward calculation shows that 

K{-, 7r)v = ev>, K{p, vr) = eVpev;. 

In particular, the set U^g^Aranev* is total in Tix- The space Tix is called the reproducing kernel 
Hubert space of 7i-valued functions associated to the reproducing kernel K. For more details 
on the construction and properties of T-Ck we refer to jl6j . 
For all /i G if and / G Hk, let 

[U{h)f]{'n):=U{h)f{'n) Vvr G G. 

By property (ii') of K 

U{h)K{-,7r)v = K{-,Ti)U{h)v G Hk 

and 

'u{h)K{-,p)w U{h)K{-, Tr)v) = {U{h)w \ K{p,7T)U{h)v) 



K 

= {w \ K{p,n)v) = {K{-,p)w\ K{-,Tc)v)j^, 
which shows by continuity that f/ is a unitary representation of H in Tix- By definition, 

evT,U{h) = U{h)e\T,. 

Remark 5. The Hilbert space Tix is unique in the following sense. Suppose 7i is a Hilbert space 
carrying a unitary representation V of if, and {'~^-n}^(^Q is a sequence of operators 7^ : 7i — > 7l! 
such that 

(1) 7^t/(/i) = V{h)^^ for all heU] 

(2) U^g^ran7^ is total in 

(3) K{p, vr) = 7^7^ for all p, tt G G. 

Then there exists a unitary map W : TIk 'H intertwining U with V and such that W^ev* = 7^ 
for all TT & G. 

We introduce the following closed subspace of 

% := {T G T{H) I TU{g) = U{g)T V^? G G} = span ® T J G r(/C^)} . 
The next two closed subspaces of T(Hk) are essential in our investigation: 

:= |t g T{nK) I = f/(/i)r v/i g if} , 

7^ := span |ev*Tev^ | T G 7^, tt G g| . 

Clearly, T[/ C 7^. 

We proceed by defining a bounded mapping V : T(Hk) T^Hk) by formula 



PT = j U{h)TlJ{hy AphQi). 
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Then = 7^ and ranP = T^. The adjoint V : C{nK) ^ C{nK) satisfies V'^ = V, and 
ranP' = jp G CiKx) \ BU{h) = U{h)B V/i G i/} . 

It follows that 

= jp G C{nK) I = U{h)B V/i G if} . (12) 

Theorem 2. K ^ extC if and only if there exists a nonzero operator B G C{1-Lk) such that 

(i) BU{h) = U{h)B for all h G H ; 

(ii) tr {BT) = for all T 

Proof. We note that the content of Theorem [2] remains the same if we assume that B = B*. 
This follows from the fact that the adjoint operation leaves Tjj invariant. 

<^^) Define 

K±(p,7r)=ev,(/±||fi|r^i?)ev;. 

Since the set U^g^ranev* is total in Hk, B ^ O implies that ^ K^. 
It follows from I ± 11511"^ B> O that 



7r,p 



(/± ||fi|r^5)^evX \ >0 

1- / K 



for all finite sequences {v'^} in 7i. Hence, and are positive definite. 

The operator K±{p, tt) commutes with U\h by the intertwining properties of ev^^, evp 
and B. 

Finally, if Tp G T{lCp) then 

tr(T,Tr«,(ir±(7r,7r))) = ii {{In,® Tp)K^{ti,tt)) 

= iI{ml{In,®Tp)e^r^{I±\\B\\-^ B)) 

= tr (ev:(/^^ ® Tp)ev^) = tr {{In, ® Tp)K{7T, vr)) 

= ti{TpTTnAK{n,n))) 



I.e. 



T^T^H, {K±{t^, tt)) = Tr,^^ {K{n, tt)) = Sp^dpl^^. 

We conclude that Kj- G C. Since = |(-ft'+ + -ft'_), this means that i^T is not an extreme 
point. 

Suppose K = i(ir+ + K^), with K± e C and ir± 7^ K. 

Define the following sesquilinear positive definite forms ( ■ , ■ )_|_ in Ti^c 



2^ ev^W^ 



7r,p 
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for all finite sequences {v'^} and {w''} in H. The forms ( ■ , ■ )_|_ are well-defined. In fact, 
we have 

7r,p n,p 

and hence 



E 



< 



< 2 



E* 7T 

TT 



< by Cauchy- Schwartz 
1 1/2 r 



1/2 



E 
E 

-p.p' 



1/2 



1 1/2 



E 



K 



By the above equation, we see also that ( ■ , ■ )_|_ are bounded. So, there are positive 
operators B^,B_ G C(Hk) such that {g\ f)^ = {g\ B±f)j^ for all f,g E Hk- By- 
definition, i^-|-(7r,7r) = ev^5-|-ev*. 

Set B = B+- B_. Then, ^ since K+^K_. Since 

U{h)ev*w f/(/i)ev>\ = ( ev![/(/i)M; I ev;[/(/i)t; )^ 



= (f/(/i)w| is:±(p,7r)t/(/i)t;) = K^{p,'k)v) 
= { ev^w I ev> )^ 

and U^g^ranev* is total in Hk, it follows that B commutes with U. 
Finally, if T = Jt^^ (g) Tp with Tp G T(/Cp) we have 

tr (5±ev:Tev,) = tr (ev,5±ev;T) = tr (ir±(7r, 7r)r) 

= tr {TpTr-Hp (i^±(vr, tt))) = 5p^rfptr (Tp). 

It follows that tr (i?ev*Tev7r) = 0, i.e., B satisfies item (ii) of the theorem. 
Corollary 4. K E extC if and only if %; = Tfy. 



□ 



Proof. By Theorem [2] and equation (fT2l) . the inclusion 7[/ C 7^ is an equality if and only if 
K e ext C. □ 

Example 3. Let us consider the case when G is abelian, H = {e}, and dim/C^r = 1 for all vr. 
We fix an orthonormal basis {eTrj^gG in = ©jtsg'^i' ^^^^ ^^^^ U{g)e.„ = 7r((yf)e^ for all g E G. 
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Then 

Tjj = span ||e7r )(e,r| I TT G g| . 

If K E C, then K{p, vr) = K{p, vr) |ep ) ( CttI , K being a positive semidefinite complex matrix with 
K{7c, it) = 1. This sets up an isomorphism K v-^ K from the convex set C into the convex set 
C of positive semidefinite matrices with 1 as every diagonal element. 

Let Hj^ he the reproducing kernel Hilbert space of C- valued functions associated to K, 
i.e. there exists a total sequence {rjT,}^^Q in Hf^ such that K{p, = {vp\ Vn )n-,- Then we can 
set up a unitary isomorphism j : TCr ^ T^k^ given by 

'■K 

We thus have, with easy calculations, 

j(ev;e^) = r/^, 

and so 

= spJi jljev^e^ )( jev^e^l I TT G = spil ||?7,r )(^?7r| I TT G . 
Corollary H] then says that K G ext C if and only if 

span ||r?7r)(?77r| I vr G = T{Hj^). 
This result has also been derived in [5j. 

4.3. Rank 1 extremals. Suppose K E C. Let ranki^ denote the dimension of Tix (or, 
equivalently, the dimension of Ti^sr)- Next we assume that ranki^' = 1. This means that there 
exists / G TCk, {f\f)K = 1 such that for all n E G, v E H, K{-, n)v = Cj^^^f for some Ct,^v £ C; 
or more precisely K{p,Tx)v = c^^„/(p). Thus, 

C7r,v{w\f{p)) = {w\K{p,Tc)v) = {K{-,p)w\K{-,n)v)K = c;^c^,v{f\f)K = c;^c^,v, 

which implies that K{p,'7i)v = (/(7r)|t>)/(p) or K{p,'7i) = |/(p)) (/(7r)|, in short. 
It follows from Remark [3] that /(p) G Hp ® JCp, so that we can write 

m,n 



where {/im}m=i and {fc^}^™! are orthonormal bases of Hp and ICp, respectively. Since 
Tr^^^ {K{'K,Ti)) = Sp^dpIjCp and 

Tr«. (I/(P))(/(P)I) = E [jlf^nlL] \K){K\ 

n,l \ m / 

one gets 



fmnfml ~ ^P^' 



pOnl- 
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By defining 



fP fP up 

Jn ■ / ^ Jmn"'m 



we see that the above condition equals {fC\fn)Hp = ^in, so that {fn}n=i^'' is an orthonormal 
set of Hp. Hence, necessarily 

dim/Cp < dp 

and 



Since dimTii^- = 1, the representation U reduces to a character A of H. This means 
Uih)f{p) = [U{h)f]{p) = Xih)f{p), i.e., EnPih)/^ ®K = \{h) E„ ® K- Hence, 

p{h)fp = X{h)fP WheH,n = l,2,... dim/Cp. 

We have arrived at the following result. 

Proposition 4. There exists rank 1 kernels if and only if 

(1) dim/Cp < dp for all p G G; 

(2) there exists a character \ E H and, for all p E G, a subspace Hp C Hp such that 

(a) dim Hp > dim/Cp, 

(b) pih)\n'^ = \{h) for all HeH. 

In this case, fix an orthonormal basis {k'^}n=i^'' of fC^ for all a E G. Then a kernel K is a 
rank 1 element of C if and only if 

dim Kp dim/C^ 
n=l m=l 

where {fn}'^=i"'' is any orthonormal set in H'^, a E G. 

Proof. We still need to prove the converse of the above proposition. With 

dim/Cp 

f{p) ■.= dl'' fn®K. 
n=l 

we see that K{p,7!-) = |/(p) )( /(tt)], hence K is of positive type. By item (2), we clearly 
have U{h)K{p,iT) = K{p,7i)U{h) for all h E H. One easily checks Tr^^^ (K(7r,7r)) = dpSp^^IjCp. 
Finally, Hk = C/, so rank = 1. □ 

In the finite dimensional case, it was already noted in ^ Proposition 1] that there do not 
exist rank 1 kernels if dim JCp > dp for some p E G. 
If dimTi < oo, the next proposition is [U Corollary 1]. 

Proposition 5. Any rank 1 kernel K is extremal. 
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Proof. Since the representation U reduces to the character A, it follows that 7^ = T(Hk), and 
so dim 7^ = dimT(7i;^) = 1. Moreover, K cannot be the zero kernel, so that dim/CTr ^ for 
some vr G G. For such vr, let G T(/C^) with tr (T^) = 1. We have ® G Tu, and 



/ I ev:(/„^ ® T^)ev^/ )^ = ( /(vr) | (/^^ ® T^)/(7r) ) = d^ti (T^ ^ 0. 



Therefore, dim Tu = 1, and the result follows from Corollary HI □ 
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